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We define the Laplacian ratio of a tree z(T), to be the permanent of the Laplacian matrix of 
T divided by the product of the degrees of the vertices. Best possible lower and upper bounds 
are obtained for ~r(T) in terms of the size of the largest matching in T. 
1. Introduction 
Let G = (V, E) be a graph on n vertices without loops, multiple edges, or 
isolated vertices. Let di > 0 be the degree of vertex v~ for i = 1 , . . . ,  n. Let D(G) 
be the diagonal matrix whose (i, /)-entry is di and let A(G) be the adjacency 
matrix of G. The matrix L(G)= D(G)-A(G) has been called the Laplacian 
matr/x of G. It is a symmetric matrix with all row and column sums equal to zero. 
Of course L(G) depends on the ordering of the vertices, but different orderings 
give matrices which are permutation similar. The permanent of the Laplacian 
matrix, per L(G), has been studied in [1] and [2], and we refer the reader to 
these articles for background. In [1], Brualdi and Goldwasser obtain bounds for 
per L(G), where G is bipartite, in terms of various parameters of G. They also 
define the Laplacian ratio to be 
per L(G) 
and obtain a lower bound for z(G) if G is bipartite. 
Let k be a nonnegative integer, and let # be a k-matching of G (i.e., a set of k 
vertex disjoint edges) which meets vertices v i l , . . . ,  vi~ having degrees 
dil,. • •, diz~ respectively. We define d6(#) = d(#) by 
d(U) = a , , - - .  
Let dgk denote the set of all k-matchings of G. We define Zk(G) by 
1 (1.1) 
Note that ;t0(G)= 1. If G is bipartite then each summand of per L(G) is 
non-negative, tf T is a tree with n vertices then per L(T) is the sum over all 
matchings of T of the product of the degrees of the vertices not in the matching. 
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Hence 
L~J 
~r(T) = per L(T) _ ~ :tic(T) (1.2) 
d l ' "d , ,  k=0 
In [1] it is shown that :tl(T) >I 1 with equality if and only if T is a star (i.e., at 
most one vertex has degree not equal to 1). Since :to(T)= 1 and :tk(T)= 0 for 
k t> 2 if T is a star, it follows that :r(T) I> 2 with equality if and only if T is a star. 
Formulas (1.1) and (1.2) suggest hat it would be reasonable to find bounds for 
:t(T) as a function of the size of the largest matching in T (which yields bounds 
for per L(T) in terms of the product of the degrees of T). We will do that in this 
article. 
2. A lower bound 
For k I> 2 the path Pk is a tree with k vertices, two of them of degree 1 and the 
rest of degree 2. We define the comb Ck to be the tree obtained by adjoining a 
pendant edge to each vertex of the path Pk. Note that Ck has 2k vertices and a 
perfect matching (i.e., a matching which meets every vertex of the graph). The 
comb C4 is shown in Fig. 1. 
TI I I  
Fig. 1. The comb C4. 
Theorem 1. Let T be a treewith a k-matching where k >I 2. Then :r(T) >I :r(Ck) 
with equality if and only if T is the comb Ck. 
Proof. We will divide this lengthy proof into eight steps. In some of the steps we 
will just provide a sketch of what has to be done, as the details are overwhelming. 
Throughout he proof, assume T is a tree with a k-matching that has minimal 
Laplacian ratio among all trees with a k-matching. By a process of elimination we 
will show T is the comb Ck. 
Step 1. T has precisely 2k vertices. 
Proof. It is not hard to show (Lemma 2.7 of [1])that if T has a k-matching and 
more than 2k vertices, then there is a k-matching/~ and a pendant vertex v such 
that/z misses v. The following result is Corollary 3.5 of [1]. 
Lemma 2. Let T be a tree and let T* be a proper subtree of T with at least one 
edge. Then ~t(T) >~ x(T*) with equality if and only if T is a star. 
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By deleting v we obtain a tree T* with a k-matching which, by Lemma 2, has a 
smaller Laplacian ratio. 
Step 2. T has no path through (distinct) vertices whose degrees in sequence are 
1 ,3 ,2 ,2 ,3 ,1  or 1 ,3 ,2 ,2 ,2  or 1 ,2 ,2 ,2 ,2 .  
Proof. If T has a sequence 1, 3, 2, 2, 3, 1, then we can picture part of T as shown 
in Fig. 2. 
T T' 
x 
: rI Iy :  I I 
Fig. 2. The trees T and T' where T has a path sequence 1, 3, 2, 2, 3, 1. 
Let e = deg y and f = deg z. Since T has a perfect matching (by Step 1), we must 
have e I> 2 and f I> 2. Consider the tree T' obtained from T by 'collapsing' u and v 
to form a single vertex w, and then appending the edge [w, x] as shown in Fig. 2. 
Note that T' also has a perfect matching. We will show that ~r(T)> ~(T').  The 
matrix L(T) has the form 
-A 
L(T) = 
e -1  
1 -1  
-1  -1  3 
-1  
-1  
2 
-1  
-1  
2 
-1  
-1  
3 
-1  
-1  
-1  
1 
-1  
f 
B 
where A and B come from those parts of T not shown in Fig. 2 at y and z 
respectively. Let A(y) be the matrix obtained by deleting the row and column of 
y in A (the last row and column) and let B(z) be the matrix obtained by deleting 
the row and column of z in B (the first row and column). Let a = per A, 
b = per B, al = perA(y) and bl = per B(z). A simple calculation then gives 
per L(T) = 97ab + 22alb + 22abl + 5albl. (2.1) 
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The matrix L(T ' )  has the form: 
A 
e 
-1  
L (T ' )  = 
1 
-1  
-1  
-1  
3 
-1  
-1  
3 -1  
-1  1 
-1  
-1  
3 
-1  
-1  
-1  
1 
-1  
f 
B 
Fig. 3. The trees T and T", where T has a path sequence 1, 3, 2, 2, 2. 
Similar calculations how that 1, 3, 2, 2, 2 is a forbidden sequence because of 
the tree T" shown in Fig. 3 (deg y >/2, deg z >I 1), and that 1, 2, 2, 2, 2 is a 
forbidden sequence because of the tree T" shown in Fig. 4 (deg x I> 1). 
T T,,, 
. : : , , ~ . . [ x~ 
Fig. 4 .  The trees T and T", where T has a path sequence 1, 2, 2, 2, 2. 
I I '  • :~ '  ~ : \y  1 y -  . /  
T T" 
which contradicts the minimality of :r(T). 
:r( T) - :r( T') > 1 (3ab - ab - ab - ¼ab ) > O, 
3d 
and a simple calculation gives 
per L(T ' )  = 72ab + 17alb + 17abl + 4alb~. (2.2) 
Let d be the product of the degrees of the vertices of T, so that a4d is the 
product of the degrees of the vertices of T'. Using (2.1) and (2.2) we get 
: r (T ) -  : r (T ' ) -  per L(T)  per L(T' )  1 
d ~4d -~-~(3ab-2a lb -2ab l -a~bl ) .  
By expanding A on the last row we see that a > eal >I 2al. Similarly b > 2bl. 
Hence 
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We say that a vertex v of a tree is a junction if v is adjacent o at least three 
non-pendant vertices. Removal of the junction v and all its incident edges 
disconnects the tree into connected components which we will call branches at v. 
Step 3. If T has a junction, then it has a junction at which at least two branches 
have one of three particular configurations. 
Proof. Let any pendant vertex be the root of T, and let v be a junction at 
maximum distance from the root with deg v = e. Since v has at least three 
non-pendant vertices and is at maximum distance from the root, at least two of 
the branches at v have more than one vertex and no junctions. Since T has a 
perfect matching, these two branches have no vertices of degree greater than 
three, and any vertex of degree three is incident with precisely one pendant edge. 
If either of these two branches has a vertex of degree three, then all of its vertices 
of degree three lie consecutively in a path. Otherwise one of the two 
configurations shown in Fig. 5 occurs. 
(a) (b) 
I 
Fig. 5. 
Configuration (a) has the forbidden sequence 1, 3, 2, 2, 3, 1 while configuration 
(b) has the forbidden sequence 1, 3, 2, 2, 2. If either of these two branches has a 
vertex of degree three, then it has one (the one closest o v) whose distance from 
v is no more than three, or else the forbidden sequence 1, 3 ,2 ,2 ,2  occurs. 
Finally, if either of these two branches has no vertex of degree three, then it has 
no more than four vertices, or else the forbidden sequence 1, 2, 2, 2, 2 occurs. 
Putting all these considerations together leaves us with only three possible 
configurations for each of those two branches. These are shown in Fig. 6, where 
m I> 1 and the number of vertices of degree three is m - 1. 
(i) (ii) 
. v l t 
2m vertices 2m + 1 vertices 
(iii) 
: I ! . . .M  
2m + 2~vertices 
Fig. 6. The three possible branch configurations (m ~> 1). 
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Step 4. Configuration (i) cannot occur. 
Proof. Suppose T does have a junction v with a branch that has configuration (i). 
Let deg v = e I> 3 and let ux, u2, • . . ,  ue-1 be the vertices adjacent o v that are 
not part of the branch, with degrees dl, d2, . . . ,  de_~ respectively. Let [v, ue_x] 
be an edge of the perfect matching of T. We construct a tree T' by 'breaking off' 
the branch and inserting it between v and ua as shown in Fig. 7. 
T 2m vertices T' 
/ ' . .1  / Ue--~ 
2m vertices 
• • t 
U e - -~N,,  N 
Fig. 7. T with configuration (i) and T'. 
The junction has been relabelled v' in T' and degv '= e -  1. If m I>3, the 
matrix L(T) has the form 
L(T)= 
1 -1  
-1  2 -1  
-1  3 -1 
-1  1 
Q 3 -1  
-1  1 
-1  e 
-1  
-1 -1  -1 
dl 
A 
d2 
a,-1 
/L-x 
where Q is a 2 (m-  1)x 2 (m-  1) matrix, A comes from the branch containing 
ul, and Bi comes from the branch containing ui for i = 2 , . . . ,  e -  1. For any 
square matrix M, let M(i) denote the matrix obtained by deleting the ith row and 
column of M and let M(i, j) denote the matrix obtained by deleting the ith and 
]th rows and columns. Note that Q(1) and Q(2m-  3) are permutation similar. 
Let q = per Q, ql = per Q(1) = per Q(2m - 3), q2 = per Q(1, 2m - 3), a = perA, 
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al - per A(1), 
Then 
"-~ ~,~ per B~(1) 
b=i - IperB i ,  and c= 
i=2 ~i=2 per B i 
per L(T) 
= 3eqab + eqxab + 3qxab + q2ab + 3qalb + qla~b + 3qabc + qxabc. 
(2.3) 
The matrix L(T')  has the form 
3 -1  -1  
-1  1 
-1  3 -1  -1  
-1  1 
-1  
and 
L(T') = 
a 3 -1 
-1 1 
-1 
-1 
e -1  
-1 
-1 
-1 -1 
d 1 
A 
d2 
B 
per L(T ' )  = (e - 1)(4qab + qlab + qalb) + 4qlab + q2ab + q~alb 
+ 4qabc + qxabc + qalbC. (2.4) 
Let d be the product of the degrees of the vertices of T. In the degree sequence 
of T' we have replaced e and 2 of T by e - 1 and 3, so the product of the degrees 
of the vertices of T' is 3(e - 1)d/2e. Using (2.3) and (2.4) we get: 
per L(T) per L(T')  2e 
:r(T) - :r(T') = d d 3(e - 1) 
b 
- 3d(e - 1) ([9e(e - 1)qa + 9(e - 1)qal + 9(e - 1)qac] 
- [8e(e - 1)qa + 2e(e - 1)qal + 8eqac + 2eqa:] 
+ [3(e - 1) - 2e]. [(e + 3)qla + q2a + qlal + qlac]). 
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Since [3(e - 1) - 2e] = e - 3 >t 0 for e ~> 3 this last equation yields 
~r (T ) -~(T ' )~ > bq (e(e - 1)a - (2e 2 -  l le  + 9)al 3d(e- 1) 
+ (e - 9)ac - 2ealc), (2.5) 
bq (a[e(e - 1) + (e - 9)c] 
3d(e- 1) 
- (2e 2 -  l le  + 9)al - 2ea~c). (2.6) 
We wish to show [e(e - 1) + (e - 9)c] is positive. It certainly is for e/> 9. For 
4<~e<9,  we observe that di>12 for i= l , . . . ,e -2  while de-~t>l (since 
[v, ue-1] is an edge in the perfect matching of T). Thus per Bi > 2per Bi(1) for 
1 ~ i ~< e - 2, hnd per Be-a/> per be_x(1) (with equality if de_~ = 1). Hence 
lper  Bi(1) e - 1 
c = < ½(e - 3) + 1 - - -  
i=2 per Bi 2 
and it follows that 
[e(e -1 )  + (e - 9)c] > [e (e -1 ) - (9 -e ) f -~]=3(e -1) (e -3 )>0.  
If e = 3, then none of the three vertices adjacent o v can be pendant or else v 
would not be a junction. Thus d2/> 2 and 
C - "  
per B2(1) 1 
per B2 2" 
So in this case 
[e (e -  1) + (e -  9)c] > [3 .2 -  6.½] > O. 
Thus we have shown that the coefficient of a in (2.6) is positive. Furthermore, 
since d~ I> 2, it follows that a = perA  > 2perA(1) = 2a~. Hence from (2.6) we get 
bq 
n( r )  - n ( r ' )  > 
3d(e -  1) 
bqal 
- 3d(e - 1) 
{2al[e(e - 1) + (e - 9)c] - (2e 2 -  l l e  + 9)a1 - 2ealc} 
3bqal ( e- l )  
(9e -9 -18C)>d-~- - ] )  e -1 -2 .  ~ =0.  
While we assumed m I> 3 in the above proof, if m = 2, then Q is a 2 x 2 matrix 
and the proof goes through if we let q2 = O. 
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If m = 1, then L(T)  has the form 
L(T)  = 
m 
1 -1  
-1  2 
1 e 
-1  
-1  -1  -1  
dl 
A 
d2 
B2 
d -x 
Be-1 
and per L(T)  = 3eab + ab + 3alb + 3abc. The matrix L(T ' )  has the form 
-1  
-1  e -1  -1  -1  
1 
L(T) '  = -1  
-1  
dl 
-1  
A 
d2 
n2 
1 -1  
-1  3 
and per L(T ' )  = (4e - 3)ab + (e - 1)axb + 4abc + a~bc. Then 
b 
3d(e -  1) 
Since e 2 - 3 ~ e(e - 1), a comparison of 
~r(T') > 0 for m = 1 as well. 
((e 2 - 3)a - (2e 2 - l l e  + 9)ax + (e - 9)ac - 2ealc). 
(2.7) 
(2.5) and (2.7) shows that ~t (T ) -  
Step 5. Configuration (ii) cannot occur. 
Proof. As in Step 4, we construct a tree 
~t(T) > ~(T ' )  (see Fig. 8). 
T' with a k-matching such that 
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T T' 
2m + 1 vertices 2m vertices 
f I~QQ Ue Ue- 
Fig. 8. T with configuration (ii) and T'. 
Proceeding as in Step 4, and with the same notation, we get 
per L(T) = 9(2e + 1)qab + 3(5e + 1)q~ab +18qa~b +3eq2ab 
+ 15q~a~b + 3q2a~b +18qabc + 15qlabc + 3qeabc, 
and 
per L(T') = (16e + 20)qab + (4e + 4)qlab + (16e + 20)q~a~b 
+ (4e + 4)q2alb + 16qabc + 4qxabc + 16qla~bc + 4q2a~bc. 
If the product of the degrees of the vertices of T is d, then for T' it is ~d. The rest 
of the proof of Step 5 is similar to Step 4 and is omitted. The only additional 
ingredient needed is the relation 
q = 4qi + q2, (2.8) 
which comes from expanding per Q on the first row. 
Step 6. 
Proof. We have T and T' as shown in Fig. 9. 
T 
Ue- , 
Configuration (iii) cannot occur if m = 1. 
. /  
T t 
f 
/~e-1 
Fig. 9. T with configuration (iii) (m = 1) and T'. 
As in Step 4 and Step 5 we compute: 
per L(T) = (17e + 7)ab + 17alb + I7abc 
and 
per L(T') = (17e - 13)ab + (4e - 3)alb + 17abc + 4albc. 
If the product of the degrees of the vertices of T is d, then for T' it is 
9d(e- 1)/8e and a calculation similar to that in Step 4 with m = 1 shows that 
st(T) > st(T'). 
Step 7. Configuration (iii) cannot occur for m I> 2. 
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Proof. Since we have ruled out configurations (i) and (ii) and ruled out 
configuration (iii) for m = 1, we have at least two branches with configuration (iii) 
and m >~ 2. We construct T' as shown in Fig. 10. 
(2n + 2) vertices 
! . . . !  r ; I / 
Ue-- 1 
/ 
I I I  Ul 
% 
(2n + 2) vertices 
(2m + 2) vertices 
Ue-- 1 
Fig. 10. T with configuration (iii) in two branches and T'. 
As before we compute: 
per L(T) = 3(5e + 2)qab + (11e + 5)qlab + (2e + 1)q2ab + 11qlalb 
+ 2qEalb + 15qalb + 15qabc + 11qlabc + 2q2abc 
and 
per L(T') = (17e - 13)qab + (4e - 3)qlab + (17e - 13)qlalb 
+ (4e - 3)q2alb + 17qabc + 4qlabc + 17qlalbC + 4q2albc. 
If the product of the degrees of T is d, then for T' it is 9(e - 1)d/8e. The details 
of this part of the proof are a bit more complicated than the earlier steps, but not 
essentially different. The one new ingredient needed is a bound on a = per A in 
terms of al = per A(1), where A is the (2n + 2) x (2n + 2) matrix 
A = 
2 -1  
-1  2 
-1  
-1  
3 
-1  
-1  
-1  
1 
-1  
3 
3 -1  
-1  1 
-1  
-1  
2 -1  
-1  1 
Let  a 2 - per A(1, 2) and a3 " -  per A(1, 2, 3). Expanding on the first row of A(1) 
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gives al = 2a2 4" as. Since 0 < as < a2 we have 
2a2 < al < 3a2. (2.9) 
Expanding on the first row of A gives 
a = 2a 1 --[- a 2. (2.10) 
Combining (2.9) and (2.10) gives a bound for a in terms of al: 
7al <a  < ~al. (2.11) 
The bound given in (2.11) and the relation (2.8), together with techniques 
similar to those in earlier steps, can now be used to show st(T)> sr(T'). These 
calculations are omitted. 
Step 8. Since configurations (i), (ii), and (iii) cannot occur, T must be the 
comb Ck. 
Proof. In Step 3, we showed that if T has a junction, then it has one at which at 
least two of the branches have configurations (i), (ii), or (iii). In Steps 4-7 we 
showed that if these configurations occur then :r(T) is not minimal. Therefore T 
does not have a junction. As shown in the proof of Step 3, if T has no junction, 
then it has no vertices of degree greater than three, each vertex of degree three is 
incident with precisely one pendant edge, and all the vertices of degree three are 
consecutive in a path. Therefore T must be the comb Ck. [] 
Theorem I establishes ~z(Ck) as the lower bound for the Laplacian ratio of trees 
with a k-matching. We can obtain a formula for :r(Ck) by establishing a 
recurrence relation for per L(Ck). 
Lemma 3. If k >>- 2, then 
:r(Ck) ~( (1 -~5) (  23-V5f '+  (1 ~) (  . (2.12) 
Proof. The 2k x 2k matrix L(Ck) has the form 
D 
1 
-1  
-1 
2 
-1 
L(Ck)  = 
-1 
3 -1  -1 
-1  1 
-1 3 
-1 
-1 
-1 
1 
-1 
3 -1 -1 
-1  1 
-1 2 
-1 
-1  
1 
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For k >I 1 we define a 2k x 2k matrix Qk by Qk = L(Ck+I(1, 2)). Let qk = per Qk 
for k I> 1 and Pk = per L(Ck) for k I> 2. By expanding on the first row of Qk 
(k >I 3) we obtain 
qk = 4qk- -1  "]- qk-2" (2.13) 
To make (2.13) hold for k = 2 as well, we define q0 = 1. By expanding on the first 
row of L(Ck) we obtain 
Pk = 3qk-1 + qk-2, (2.14) 
which holds for k 1> 2. Combining (2.13) and (2.14) yields 
Pk = qk -- qk--1, (2.15) 
which holds for k I> 1. By using (2.13) with k >I 3 and (2.15) we now obtain the 
recurrence relation 
Pk = 4pk- -1  -k Pk-2. (2.16) 
To make (2.16) hold for k I> 2, we define P0 = 2. Thus Pk and qk satisfy the same 
recurrence relation with different initial conditions. The relation (2.16) with initial 
conditions Po = 2 and Pl = 2 can be solved to get 
Pk=(1- - - -~5)(2+v~)k+( l+-~)(2- -v~)k.  (2.17) 
Using (2.17) and the fact that for k I> 2 the product of the degrees of the vertices 
of Ck is 4- 3 k-2 gives formula (2.12). 
3. An upper bound 
To establish an upper bound for z~(T) where T is a tree with a k-matching but 
no (k + 1)-matching, we will need the following lemma. 
Lemma 4. Let T be a tree whose largest matching isa k-matching and whose largest 
vertex degree is d. Then for each integer N greater than d there exists a tree 
T' = T'(N) which can be obtained by adding pendant edges to k vertices of T such 
that 
(1) T' has no ( k + 1)-matching; 
(2) Each edge of T' is incident with at least one vertex of degree N, 
(3) T' has precisely k vertices of degree N but no other vertex degree larger 
than d. 
Proof. If T has a vertex vl that is hit by every k-matching, then add N - deg vl 
pendant edges to Vx (which does not produce a (k + 1)-matching). If the new tree 
has a vertex v2~: Vl that is hit by every k-matching, add N-  deg t/2 pendant 
edges to v2. Continue in this way until a tree T' is obtained where each vertex 
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that is hit by every k-matching has degree N. Certainly T' has no (k + 1)- 
matching. 
We will call the vertices of T' with degree N special vertices. Suppose there is 
an edge e = [v, w], where v and w are not special. Let/A, be a k-matching of T' 
which misses w, and let #~ be a k-matching of T' which misses v. Note that since 
T' has no (k + 1)-matching, ~ must hit v and #w must hit w. Let T' - e be the 
graph obtained from T' by removing the edge e (but not the vertices v and w). 
Then T' - e has two connected components. Let Ao be the one containing v and 
Bw be the one containing w. Let A =Ao - v and B = B~ - w (see Fig. 11). 
#w 
/A 
nA 
A v 
8\  
~vNB 
w 
B w 
Fig. 11. 
Let /A, OB denote the set of edges of /to that are in B, and sup- 
pose l/A, O B[ = r. Then 1/~ O = k - r. Now [#w n Bw[ r, because otherwise 
(#~OB~)U(~ A A~) would be at least a (k+ 1)-matching of T'. Hence 
[#wOAl>~k- r  and (#wAA)U( IA,  OB)U{e} is at least a (k+ 1)-matching. 
Hence each edge of T' is incident with at least one special vertex. 
Since each special vertex of T' is hit by every k-matching, to prove T' has 
precisely k special vertices is suffices to show that each edge e = [v, w] of any 
k-matching of T' is incident with precisely one special vertex. We have just 
showed e is incident with at least one special vertex. But if both v and w were 
special, then e could be replaced in the matching by pendant edges at v and w to 
create a (k + 1)-matching. El 
Note that the set of k vertices in T which turn out to be special in T' is not 
necessarily uniquely determined. 
Theorem 5. Let T be a tree whose largest matching is a k-matching. Then 
:r( T) <<. 2 k with equality if and only if k = 1 and T is a star. For k > 1, T can be 
chosen so as to make 2 k - at(T) arbitrarily small. 
Proof. Let the largest vertex degree in T be d. Let T' = T'(N) be any extension 
of T provided by Lemma 4. Thus T' has no (k + 1)-matching, each of its edges is 
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incident with at least one special vertex, and it has precisely k special vertices (of 
degree N) but no other vertex degree larger than d. Since T' is obtained by 
adding edges to T, by Lemma 2, ~t(T) ~< ~r(T'). Since each edge of T' is incident 
with at least one special vertex, there are no more than (k) .  N m m-matchings in
T' for m = 0, 1 , . . . ,  k. For any m-matching #m, the product of the degrees of 
the 2m vertices in the matching is d(#,,,)t> N m so that 
1 (m X(m  > ~rm(T') = ~E d'-m ) " Nm " N"  = " 
~r (T )<~(T ' )= ~,o~,,,(T')<~ E =2k. 
---- m- - - -0  
Thus 
(2.18) 
The second inequality in (2.18) can be equality only if d(~m)-" N m for each 
m-matching #m. In particular, d(#l) = N for each 1-matching #1, so all but one of 
the vertices are pendant, T' is a star (as is T), and k = 1. 
It remains to show the Laplacian ratio can be arbitrarily close to 2 k for k > 1. 
Since each special vertex in T' is incident with at least N - d pendant edges, the 
number of m-matchings where all edges in the matching join a vertex of degree N 
to a pendant vertex is at least (k ) (N-  d) m. Hence 
1 (k) 1 
~tm(T') = ~ d(~,n) ~> (N -d)  m" m N m 
and 
~r(T') = '~ ~rm(T')~ ~ I> • 2 k, 
• ,,=o m=O \ N / 
which can be made arbitrarily close to 2 k by taking N large. D 
4. Related questions 
If bounds for ~t(T) are to be obtained which are independent of the number of 
vertices of T, then the size of the largest matching is the fight parameter to use. 
For example, there are no interesting similar bounds in terms of the diameter of 
T. If the diameter of T is d, since the path Pd÷l is a subtree of T, ~(Pd+l) is 
clearly the sharp lower bound. If d I> 4, for any positive integer k there clearly 
exists a tree S with diameter d and a k-matching. By Theorem 1, ~t(s)/> ~t(Ck), SO 
there is no upper bound. If d = 3 then the largest matching is a 2-matching, so 
theorem 5 tells us that 4 is the best upper bound. 
While this article answers a couple of the questions posed in [1], the others are 
still open. Here are two additional questions. 
(1) Is it true that if T is a tree with n vertices with maximal Laplacian ratio 
among all trees with n vertices, then T has a [½n J -matching? 
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(2) What can be said about the range of Laplacian ratios for trees with 2k 
vertices and a k-matching? 
For k = 4 there are 5 non-isomorphic trees with 8 vertices and a 4-matching. 
The smallest Laplacian ratio is ~r(C4)= 89/18 while the largest is 43/8 ([1, Fig. 
6]). If T has 2k vertices and a k-matching, then by Theorem 1 and Lemma 3 
2+V  
t im 1/k 
k---}~ 3 
and this is the best lower bound. 
What is the best upper bound? It is at least ~, because of the spur 
S(2k, k - 1, 1) (see [1, Lemma 2.8]), but is probably not much bigger. 
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